Abstract: This paper proposes a modelling approach using two general parameters of pneumatic muscle actuator based on a linearised method. After the analysis of the two linearised parameters, which are stiffness and pressure-force coefficient, a model of pneumatic muscle is developed based on assumptions of the linearised parameters. Joint stiffness and pressure-torque coefficient are proposed and applied to the analysis of an antagonistic joint actuated by pneumatic muscles. A joint model is obtained using the linearised parameters, and a position and stiffness control model of the joint is developed.
Introduction
Pneumatic muscle (PM) is an actuator which was initially invented and used in rehabilitation device during 1950s (Tondu, 2012) . During the past two decades, PM has attracted wide research interest due to its light weight, safe to use, easy to fabricate and its similarity in characteristics to biological muscle. More and more researches in robot and rehabilitation are using PMs as actuators (Jamwal et al., 2010a (Jamwal et al., , 2010b Hussain et al., 2012) .
The first commercially product of PM is rubbertuator produced by Bridgestone Corporation around 1980s. At present, the air muscle produced by Shadow Robot Corporation, and the fluidic muscle invented by FESTO Corporation are the most popular products of PM.
Although the principles of different PMs are the same, there are many factors affecting the characteristics of PMs, such as friction and rubber elasticity. Therefore, modelling of PM behaviour has been one of the challenging research issues. The most widely used model of PM was derived by Chou and Hannaford (1996) . The model is only an ideal or theoretical model, in which many nonlinear effects on the PM were neglected, such as friction, rubber elasticity, the shape of the end part of PM and hysteresis. Considering the distortion at the end cap of PM and the effect of rubber elasticity, Tsagarakis and Caldwell (2000) developed a more accurate but complicate model. The effect of friction and deformation of the braid fibre on the model were further analysed by Davis and Caldwell (2006) .
A fully analytical PM static model that considering the bladder and the braided mesh properties, as well as the end-fixture-diameter effect, was developed and validated by experiment (Doumit et al., 2009) . The advantage of the above model is that it does not depend on experimentally determined parameters. Hysteresis is a very common phenomenon in the characteristics of PM. A model of the hysteresis in the PM is proposed using the Maxwell-slip model, and good simulation result is obtained compared with the measured data (Tri et al., 2011) . Andrikopoulos et al (2012) attempted to develop a dynamic model based on a so called switch system approach and obtained good results. In order to develop a more precise model, a novel network training method was also applied, which was proved to be robust and have good performance (Xing et al., 2012) . A model of PM expressed with an exponential function, which has six parameters, was proposed and studied (Szepe, 2011) . These models can represent and predict the characteristics of PM very well, but due to their complexity, they are not suitable for the qualitative analysis of characteristics of PM actuated system.
Moreover, the stiffness of PM has aroused the interest of researchers for medical purposes (Wickramatunge and Leephakpreeda, 2010; Sardellittiet et al., 2010) , and the control of stiffness rather than position control has become more crucial in the area of rehabilitation and assistive robotics. In a single-joint robot arm control, Ariga et al. (2012) introduced the concepts of the agonist-antagonist muscle-pairs ratio and the agonist-antagonist muscle-pairs activity, and developed PM actuated joint angle and joint stiffness equilibrium-point control. Joint stiffness and position control may become one of the central research themes of PM research in the future.
Although many more accurate models have been developed, there are no general parameters which can be used to compare the attribute of different PMs. This is a problem because researchers have to choose which type of PM to apply by experience. Moreover, it is not convenient to analyse the characteristics of PM and PM actuated system qualitatively using a very complicate model. In this paper, we proposed two parameters, which are stiffness and pressure-force coefficient using linearised method. These two parameters can represent the characteristics of PM and be used to develop the model of PM actuated joint.
Model of PM

Theoretical model of PM
The geometry structure of PM is shown in Figure 1 . In Figure 1 , b is the length of the braided fibre, L is the length of the PM, D is the diameter of the PM, n is the turn of the fibre on the surface of rubber tube, β is the braided angle of the fibre. The theoretical model of PM can be got based on virtual work theory (Chou and Hannaford, 1996) , which is 
where F is the force of the PM, p is the inside pressure of the PM. In practice, the value of b and n has to be determined indirectly in order to use model (1). Therefore, another form of model can be derived in which the contraction ratio is often used instead of the length.
The contraction ratio is defined as
where L 0 is the nominal length of the PM, which is the length when the PM does not contract. The theoretical model of PM can be expressed as (Tondu and Lopez, 2000) ( ) ( )
where D 0 is the nominal diameter of the PM when the PM does not contract, β 0 is the initial angle of the braided net when the PM does not contract.
Model (3) is more practical than model (1), and it can also show how the size of PM affect the characteristic of PM.
As the force of the PM is a function of the length (or contraction ratio) and the pressure, therefore the characteristics of the PM can be represented by isotonic, isometric or constant-pressure characteristic curves (Chou and Hannaford, 1996) . In most cases, the constant-pressure characteristic is easier to obtain and therefore is widely used. Figure 2 is the constant-pressure characteristics for FESTO fluidic muscle. Figure 3 is constant-pressure characteristic of PM based on theoretical model. From the comparison of Figures 2 and 3, we can see that there is a large difference between actual properties and theoretical properties of PM. From the theoretical model, a PM can contract to the same minimum length under different pressure, but for an actual PM, it will not. The reasons of the above phenomenon may be caused by the effect of rubber elasticity and friction. Therefore, the model described by (3) can be used to carry qualitative analysis but cannot be applied to analyse of actual PM without modification and improvement.
Linear model of PM
Although the characteristic curve of PM is nonlinear, but linearised method can be used to analyse the properties of the PM. In our previous study, a linearised model has been developed based on the characteristics of the pressure-force-length relation (Sui and Xie, 2012) . As contraction ratio is often used in general modelling, this research will develop a PM model based on pressure-force-ratio relation.
The force of PM can be described as the function of pressure and contraction ratio, which is
Equation (4) can be linearised around a given initial state. The increasing of the force related to the initial force of PM can be approximated as
where Δp is the change of the pressure with respect to the initial pressure in the PM, and Δε is the change of the contraction ratio with respect to the initial contraction ratio of the PM. Here, the pressure-force coefficient of PM is defined as
To make sure that the parameter is positive, the relative stiffness of the PM is defined as
Therefore, the linearised model of the PM can be expressed as
The model described by (8) can only be used when the changes of pressure and contraction ratio are small. If the pressure and the contraction ratio of the PM change greatly relative to the initial state, the values of k p and k ε will also change.
Analysis of k p and k ε for PM
Analysis of k p
Appling the ideal model of (3) to (6), the k p for ideal model of PM can be obtained as
From (9), we can see that k p is bigger for large PM, as k p is proportional to the nominal sectional area of PM.
According to the definition, the values of k p can be calculated for FESTO fluidic muscle at different conditions based on the diagram of PM properties. It was found that the values of k p for different pressure under a certain contraction ratio are very close, so the k p can be considered to be only related to the contraction ratio ε.
The relation between k p and ε for FESTO fluid muscle is shown in Figure 4 . If assume the k p for FESTO fluidic muscle can be expressed as equation (9), then the value of α 1 and α 2 can be calculated using the data in Figure 4 . The results are shown in Table 1 . In Table 1 , β 01 is theoretical result based on α 1 and β 02 is theoretical result based on the value of α 2 . Due to the effect of rubber elasticity, the value of β 0 in Table 1 may not be the actual initial braided angle of fibre for fluidic muscle. 
Analysis of k ε
For the ideal model of PM expressed in equation (3), the relative stiffness of PM can be expressed as
The stiffness of PM is defined as (Sui et al., 2004 )
The relation between k s and k ε can be obtained as
Then the stiffness k s for theoretical PM model can be expressed as
The relative stiffness k ε can be determined by constant-pressure curves. In Figure 2 , the absolute value of slope of the tangent line at certain point on the curves is equal to the value of k ε . The value of k ε is calculated based on the data measured in the characteristic diagram of the FESTO fluidic muscle. The results are shown in Figures 5 to 7 . In the figures, each line represents a certain contraction ratio. As there are measuring errors, the data in those figures may not be very accurate. From Figures 5 to 7 , it can be seen that the actual k ε cannot be expressed as equation (10), for the actual value of k ε is not proportional to the pressure. But the k ε can be approximate as the linear function of pressure under certain contraction ratio. Moreover, the slopes of the approximate lines for different contraction ratio are very close.
The simple model of PM
Here, a simple model of PM is deduced based on the linearised parameters proposed above. The hysteresis is not considered in the model.
From Figure 4 , we can see that k p can be approximated as a linear function of contraction ratio, that is
where a 1 and a 2 are constant for a certain type of PM. Moreover, assume that the relative stiffness k ε of PM can be approximately expressed as a linear function of the pressure under certain contraction ratio. The slopes of the relative stiffness lines in Figures 5 or 6 are assumed constant for different contraction ratio, and assume the intercept of the fitted line is a linear function of ε, therefore the relative stiffness can be expressed as
where b 0 , b 1 and b 2 are constant for a certain type of PM. Based on the assumptions made to k p and k ε in (14) and (15), and substitute k p and k ε with the above linear expression in (6) and (7), respectively. Then integrating both sides of the equations, the following equations can be obtained 
Compare the equations (16) and (17), we know that a 2 = -b 2 , and a simple PM model can be obtained
In the model (18), if we know the values of k p and k ε , then the coefficients b 0 , b 1 , a 1 and a 2 can be easily obtained using linear fit method. The coefficient c 0 is a constant and can be easily got from the characteristic curve of PM. Based on the previous analysis of FESTO fluidic muscle data, we get the values of coefficients in equation (18) for fluidic muscle, and simulated the characteristics of the PM. The results for DMSP-10 and DMSP-20 are shown in Figures 8 and 9 , respectively. For comparison, the actual characteristic of DMSP-20 is given in Figure 10 . From comparison, we can see that the result from model (18) can fit well to the actual curve at most working range. Most important, the model is simple and coefficients can be easily obtained.
Model of antagonistic joint actuated by PMs
As the working principle of PM is similar to that of biological muscle, PM is widely applied in biomimetic antagonistic joint. In the antagonistic joint, a pair of PMs is usually applied to act as flexor and extensor. By changing the pressures of the PMs, the joint can rotate to a certain position related to the change of pressure. Figure 11 is the schematic of the model of a joint actuated by a pair of PMs (PM 1 and PM 2 ), where r is the radius of the joint, θ is the angle related to the initial position, and T is torque actuated on the joint from outside environment. In the model of the joint, the changes of the contraction ratio Δε for both PMs are equal in value, but in opposite directions. 
Linearised parameters for PM actuated joint
Similar to the analysis of PM, we will propose two linearised parameters for PM actuated joint.
The first parameter proposed here is the pressure-torque coefficient, which is defined as (Sui and Xie, 2012) 
The value of K p is equal to the additional torque actuated on the joint in order to keep the joint at the initial position, after both pressures of PMs change a unit Δp in opposite directions.
The relation between the pressure-torque coefficient and the pressure-force coefficients of the actuating PMs have been obtained by Sui et al (2012) , which is ( )
where k p1 and k p2 are the pressure-force coefficient for PM 1 and PM 2 . As we can see that, K p is proportional to the sum of pressure-force coefficient of PMs actuated on the joint. The second parameter is stiffness of the joint, which is defined as (Sui and Zhang, 2007) 
The stiffness of the joint can be used to describe the ability of the joint returning to the initial position under a disturbance torque. Next we will deduce the relation between stiffness of PM and joint stiffness. We assume that the joint is in equilibrium state at the initial position. We put a very small torque ΔT actuating on the joint from outside environment, the joint will rotate to a new position with a small change of angle Δθ. The relation between ΔT and the changes of the forces for PMs, ΔF 1 and ΔF 2 , can be expressed as
Appling linearised model of (8) to (22), and assume the pressures are not changed in the PMs, i.e., Δp = 0, then we have 
where k s1 and k s2 are the stiffness of the two PMs, respectively. From the above equation, we can conclude that the joint stiffness is determined by the sum of the stiffness of PMs.
A simple static model of PM actuated joint
In this part, a static model of antagonistic joint will be developed using the model of the PM developed before. To make things simple, assume the PMs actuating the joint are the same, which means the coefficients in (18) for both PMs are equal in values. When the joint is in the initial state, we define the angle of the joint θ as zero. The initial pressures of the PMs are p 10 and p 20 , respectively. The nominal lengths of the PMs are equal, which is L 0 .
If the pressure change of PM 1 is Δp 1 , and the pressure change of PM 2 is Δp 2 , then the joint will move to a new position. Now we will derive the expression of the joint angle based on the model established in (18).
First, we will derive the change of force for the PM, when there is a change of contraction ratio ε and pressure p. The change of force for PM can be expressed as
Considering the model of PM in equation (18), we can get the following result
After changing the pressure of the PMs, the joint will move to a new equilibrium position. The equilibrium torque equation at the new position is
where ΔT is the change of torque actuated on the joint from outside environment at the new position.
Considering (26), we can get the change of force for the PMs are 
Considering Δε = rθ/L 0 , and solve (27) and (29) together, the joint angle can be obtained
In equation (31), if let Δp 1 = -Δp 2 = Δp, and let the torque be constant during rotation, the simplest model for the joint can be obtained
Equation (32) is a very profound result. It shows how the stiffness and pressure-torque coefficient of joint affect and related to the angle of the joint. Moreover, as the joint stiffness and pressure-torque can be obtained from the PM stiffness and the pressure-force coefficient of actuating PMs, the joint characteristics can be predicated only using PM parameters.
Position and stiffness control model of the joint
PM actuated joint can be easily realised position control through the change of pressures of the PM in opposite directions. During this process, the joint stiffness can be thought to be constant. By changing the pressures of the PMs individually, both the position and stiffness control can be realised easily. In this part, we will analysis how to achieve joint angle and joint stiffness control independently.
To simplify the analysis, we assume the two PMs actuating the joint are the same, and equation (18) is applied as the model of the PM. At the initial angle (θ = 0º), the joint stiffness is K s0 . The changes of pressure for the PMs are Δp 1 and Δp 2 , respectively. At the new equilibrium position, the joint angle is θ, the joint stiffness is K s , and the change of torque from outside is ΔT.
Assume the relative stiffness of PM can be expressed as equation (15), and considering the relation in equation in (24), the relationship between the change of pressure for each PM and the change of stiffness can be got as follow
Combining (31) and (33), and we solve the two equations together. The relation between the change of pressure Δp and the change of the stiffness ΔK s when the joint rotates an angle of θ is ( ) ( )
Equation (35) shows how to adjust the pressure of the PMs in order to realise joint angle and joint stiffness control independently. The basic conclusions can be obtained from the above equation:
1 to increase the joint stiffness, the sum of the pressures of the PMs should be increased 2 to control the joint angle while keeping the stiffness constant, the change of the pressure for the two PMs should be in opposite directions.
Conclusions
This research proposed two linearised parameters for the PM actuator, which are pressure-force coefficient and relative stiffness. These two parameters can be easily obtained from the characteristic curve of PMs. Based on the fluidic muscle characteristics, we made some assumptions about the relationship between the linearised parameters, contraction ratio and pressure of PM. A simple model of PM is established based on these assumptions. The simulation results of the model are coincident to the actual properties of the fluidic muscle. Two parameters for the antagonistic joint actuated by PM are proposed and analysed, which are pressure-torque coefficient and joint stiffness. Based on the model of PM and joint parameters, a simple model of joint is got. A stiffness and position control model is developed, which can be used in real time control.
The method we developed and the linearised parameters proposed can be easily applied to analysis of other artificial muscles and biomimetic joint. Moreover, the linearised parameters can be used to compare the characteristics of different artificial muscle actuators.
